We construct the most general gaugings of the maximal D = 6 supergravity. The theory is (2, 2) supersymmetric, and possesses an on-shell SO(5, 5) duality symmetry which plays a key role in determining its couplings. The field content includes 16 vector fields that carry a chiral spinor representation of the duality group. We utilize the embedding tensor method which determines the appropriate combinations of these vectors that participate in gauging of a suitable subgroup of SO(5, 5). The construction also introduces the magnetic duals of the 5 two-form potentials and 16 vector fields.
Introduction
Gaugings of maximal supergravity theories have revealed intriguing insights into the structure of supergravity theories as well as into their higher dimensional origin and the possible symmetry structures underlying string and M-theory. The coupling of vector fields to charges assigned to the elementary fields renders the gauge theories generically non-abelian and -more general -in higher dimensions induces a deformation of the hierarchy of formerly abelian p-form tensor gauge transformations. The most systematic approach for a classification and construction of gauged supergravities resorts to exploiting the duality symmetry underlying the ungauged theories. Their possible deformations are described in terms of a constant tensor Θ encoding the embedding of the gauge group into the duality group G of the ungauged theory [1, 2, 3] . Transforming in a certain representation of the duality group, this tensor parametrizes the possible gaugings in a manifestly covariant way. In particular, consistency of the theory can then be encoded in a number of representation constraints on Θ. The action of the gauged supergravities can be entirely parametrized by the embedding tensor; in particular, the scalar potential that arises upon gauging is given by a covariant expression bilinear in Θ dressed with the scalar fields.
From a higher-dimensional perspective a large part of the gaugings constructed in a given dimension finds a natural interpretation as the effective theories arising from compactification on curved manifolds, and/or in the presence of (geometrical and non-geometrical) fluxes (see, e.g. [4, 5, 6] ). The various geometrical and flux-parameters may be associated with the different components of the tensor Θ. Vice versa, decomposing Θ under suitable subgroups of G allows to identify by merely group-theoretical methods the effective theories descending from particular compactifications. The covariant formulation of gauged supergravities furthermore allows to directly identify the transformation of the various flux parameters under the action of the duality group.
For the set of antisymmetric p-form tensor fields, the covariant construction of the gaugings induces a deformation of the hierarchy of formerly abelian gauge transformations. In particular, it gives rise to a Stückelberg-type coupling that shifts the p-forms with the gauge parameter of the (p+1)-forms. The tensor required for such a coupling that intertwines between p-forms and (p+1)-forms is proportional to the embedding tensor Θ. As a consequence, the gauging non-trivially entangles the tensor gauge transformations of forms of different degree. On the level of the Lagrangian, this entanglement has an interesting consequence: while in the abelian theory all bosonic degrees of freedom are carried by the metric and antisymmetric p-forms with p ≤ [D/2] − 1 (recall that in D dimensions all higher-rank massless p-forms may be dualized down into massless (D−p−2)-forms), the generic gauging in its covariant formulation also requires explicit couplings of the [D/2]-forms in the action. Consistency requires that these additional forms arise with no kinetic but only a topological term (proportional to the gauge coupling constant), such that they do not introduce new propagating degrees of freedom. However, as a consequence, gauge-fixing part of the tensor gauge freedom may shuffle some degrees of freedom from the lower degree forms to the new forms, in particular render some of the latter massive. It is the specific form of the embedding tensor together with the choice of gauge fixing which encode the proper distribution of the degrees of freedom among the p-forms. This fits nicely with the observations in explicit compactification scenarios where turning on fluxes may induce massive [D/2]-forms, absent in the ungauged theory.
In even dimensions D = 2n, there is an additional subtlety related to the fact that the duality group G of the ungauged theory is not realized off-shell but only on the combination of equations of motion and Bianchi identities of the (n − 1)-forms. More specifically, only (the "electric") half of the (n − 1)-forms shows up in the Lagrangian while the other half is defined as their on-shell ("magnetic") duals. Only together they form an (irreducible) representation of G. Upon gauging, both electric and magnetic (n−1)-forms enter the Lagrangian; again the latter couple only with a topological term in order to preserve the balance of degrees of freedom. Contrary to what one might expect at first glance, the construction allows even for the gauging of subgroups of G that are not off-shell realized in the ungauged theory. In other words, there is a well-defined Lagrangian even for such gaugings whose gauge group is not among the global symmetries of the ungauged Lagrangian. The existence of these gaugings is intimately related to the appearance of magnetic forms in the action. This construction has been worked out in 4 dimensions [7, 8] where the relevant duality is electric/magnetic duality for vector fields and in 2 dimensions [9] where it amounts to the scalar-scalar duality which is at the heart of the integrable structure of the ungauged theory.
In this paper we consider the maximal D = 6 supergravity and its possible gaugings. The ungauged maximal supergravity in six dimensions has been constructed in [10] and possesses a global E 5(5) = SO(5, 5) symmetry. Only a GL(5) subgroup is realized offshell with the 5 two-forms B m transforming in its fundamental representation. Together with their magnetic duals B m in the 5 ′ they combine into the vector representation 10 of SO (5, 5) . Little is known about the gaugings of this theory. Cowdall [11] obtained an SO(5) gauge theory from circle reduction of the SO(5) gauged maximal supergravity in 7D [12] . Alternatively, this theory describes the S 4 reduction of the IIA theory and proves to be relevant in a non-conformal extension of the AdS/CFT correspondence [13] . However, as it has only the SL(5) symmetry inherited from 7D manifest, the 6D result is in an exceedingly complicated form that does not shed much light onto the maximal duality symmetry. Here we fill this gap by providing all possible gaugings by a direct construction in 6D. The embedding tensor Θ which covariantly parametrizes the possible deformations transforms in the 144 c spinorial representation of SO (5, 5) . The gauged Lagrangian features the full set of 10 two-forms as well as a set of three-forms in the 16 s which are on-shell dual to the vector fields of the theory. We should stress that our formalism differs from other approaches introducing p-form fields together with their duals in that the relevant first order duality equations here arise as true equations of motion from the Lagrangian. This appears only possible in the gauged theory.
The plan of this paper is the following. In section 2 we review the building blocks of maximal D = 6 supergravity. In particular, we discuss the role of the SO(5, 5) duality group under which electric and magnetic two-forms undergo an orthogonal rotation and their consistent coupling is provided by the formalism of Gaillard and Zumino [14] . We review in detail the structure of the scalar fields which parametrize the coset space SO(5, 5)/(SO(5) × SO (5)). Finally, we give Tanii's Lagrangian of the ungauged theory. In section 3 we turn to the gauging of the theory. Applying the general framework, the gauging is parametrized by the embedding tensor Θ transforming in the 144 c of SO (5, 5) . We derive the quadratic constraints on this tensor whose solutions correspond to viable gaugings of the six-dimensional theory and work out the deformed tensor hierarchy up to and including the three-forms. We present the Lagrangian of maximal gauged D = 6 supergravity which for a general gauging carries the set of 10 electric and magnetic twoforms B M = (B m , B m ) of which the latter couple only with a topological term Θ C dB to the set of three-forms C A in the 16 s . Finally, we give a short overview and discussion of various types of possible gaugings, i.e. solutions of the quadratic constraint and discuss their possible higher-dimensional origin by dimensional reduction from seven and eleven dimensions, respectively. Furthermore, we discuss the truncation to N = (1, 1) theories. Our notations and conventions are given in Appendix A, and some identities, useful in deriving the topological Lagrangian and computing its variation, are given in Appendix B.
2 The Ingredients of the Maximal D=6 Supergravity
The Field Content
The N = (2, 2) supersymmetric maximal supergravity in six dimensions has been constructed by Tanii [10] . It is an ungauged theory in which the couplings are governed, along with supersymmetry, by the duality symmetry group SO(5, 5) that rotate the field equations and Bianchi identities of the five 2-form potentials into each other. Only the subgroup GL(5) ⊂ SO(5, 5) is a manifest off-shell symmetry of the theory. There is also a manifest composite local symmetry SO(5) × SO(5).
The bosonic fields of the theory are the vielbein e (5)). The index A labels the 16 dimensional Majorana-Weyl spinor of SO (5, 5) , and the indices α,α label the spinors of SO(5) × SO(5). The spinor fields are the gravitini ψ +µα , ψ −µα and χ +aα , χ −ȧα , where a,ȧ = 1, ..., 5 are the SO(5) × SO(5) vector indices, and ± refers to the spacetime chirality of the spinors which are symplecticMajorana-Weyl. (See Appendix A for further notations and conventions). In summary, the full supergravity multiplet consists of the fields:
As we gauge this theory in the most general possible way, we will introduce the following duals of the vector fields and the 2-form potentials:
Note that the vectors are in 16 c and the 3-form potentials in 16 s of the duality group SO (5, 5) . Electric and magnetic two-forms B m and B m transform in the 5 and 5 ′ of GL (5), respectively, and combine into the 10 of SO (5, 5) .
From E 11 , it has been predicted that one can extend the field content of D = 6 maximal gauged supergravity by the introduction of further 4, 5 and 6-forms [15, 16] :
3)
where C M N is antisymmetric, C M A is γ-traceless, C M N,P is mixed symmetric, C M N P QR+ is self-dual, and thus in 45, 144 s , 320 + 10 and 126 s dimensional representations of SO(5, 5), respectively. The 4-form potentials have constraints on their curvatures such that on-shell they describe 25 independent degrees of freedom corresponding to the Hodge duals of the scalar fields in the coset SO(5, 5)/SO(5) × SO(5). We will see that the 5-forms are in the same representation as the embedding tensor and that the quadratic constraints of the embedding tensor precisely transform in the representations dual to the 6-forms given in (2.3) [17, 18, 19] . These 5-forms and 6-forms can easily be included in the D = 6 Lagrangian, where the constant embedding tensor has been replaced by a scalar field, as Lagrange multipliers giving rise to the constancy of the embedding tensor and the quadratic constraints, respectively [17, 18, 19] . We will not explicitly perform this construction in this paper. Recently, D = 5 maximal gauged supergravity has been constructed using the embedding tensor approach and its relation with an E 11 -extended spacetime has been investigated [20] . It would be interesting to further study the proposed relationship for the six-dimensional case studied in this paper.
Duality Symmetry
To appreciate the duality symmetries in Tanii's Lagrangian and also to set our notation, we begin by reviewing the part of the Lagrangian involving the 2-form potential. Let us define the field strengths 
The operation j acting on a given 3-form ω is defined by 8) and the matrix K mn to be built out of the scalar fields must be of the form 9) or equivalently
Under the infinitesimal SO(5, 5) duality transformations, 12) as required by the covariance of the second equation in (2.4). For the 5 × 5 matrices K ± this gives
Substituting (2.7) into the Lagrangian (2.6) gives
(2.14)
Gauge Symmetry
So far the construction is rather general, and as far as duality symmetry is concerned the result above provides the answer. In the particular model we wish to study, however, we need to consider the gauge symmetries and supersymmetry as well. To this end, we need to introduce the Chern-Simons modified 3-form field strengths, and their duality invariant Pauli couplings to fermionic bilinears. To achieve this, the pair (R m , S m ) is chosen as 15) where the Chern-Simons forms are given by 
where
Given the gauge transformations 19) we see that all but the ωO terms are invariant, sincē 20) which holds, thanks to the well known identity
As to the ωO terms, while they are not gauge invariant, they are nonetheless duality invariant. Therefore, we can discard them by choosing L inv to contain these terms with opposite sign. Then, we are left with
The Lagrangian is then determined completely by specifying K mn , the pair of 3-forms
Defining a following dual field strength, in analogy with (2.18),
In the supergravity model we shall study, O 2 represents quartic fermion terms. Working up to quartic fermion terms in the action, which we shall do in the rest of the paper, it is convenient to define field strengths G M that transform as 10-plet of the duality group SO(5, 5) as
Using this definition, the Lagrangian (2.22) can be written as Next, we discuss the matrix K mn which is to be expressed in terms of the scalar fields, following [10] . Here we shall choose a convenient basis for the scalar fields to make the GL(5) ∈ SO(5, 5) symmetry manifest at the Lagrangian level. To this end, we introduce the 10 × 10 matrix
where a,ȧ are the vector indices of SO (5 28) and therefore it is an SO(5, 5) representation. However, in this basis, the GL(5) symmetry is not manifest. This can be remedied by working in a basis in which (
) transform as a vector under SO (5, 5) . To achieve this, we work with the matrix V of (2.27) which is related to the group element U as
Since M T η diag M = η with η defined as in (2.5), the matrix V satisfies the relation
where η is as given in (2.5), and η diag explicitly by
From (2.30), it also follows that
It is important to note that in our conventions, the explicitly written (a,ȧ) indices are always raised and lowered with +δ ab and +δ˙a˙b, starting from the basic object (2.27) . This explains the occurrence of minus signs in the formulae above where the form of η AB has been used.
Our choice of the scalar matrix V makes both the GL(5) acting from the left, and SO(5)× SO (5) acting from the right manifest in the formalism. Note that, given V, the group h = SO(5) I × SO (5) II acts from the right diagonally in the form h = diag (h I , h II ). The condition (2.30) translates into
With this parametrization, the matrix K mn can be chosen as
Using (2.33), one finds that (CA −1 ) T = −DB −1 . It can be easily checked that this K indeed transforms under SO(5, 5) as in (2.12) . Written in terms of V, we have
which gives the useful relations
with K ± defined in (2.9). 2 We are grateful to Yoshiaki Tanii for helpful discussions regarding this point.
Supersymmetry
The choice for O M is dictated by supersymmetry. Tanii has found that the following choices are appropriate [10] 
with the exact form of the fermionic bilinears (O a , Oȧ) determined by supersymmetry (see next section). Moreover, the description of the supersymmetric transformation rules requires the quantities H a and H˙a defined by
Recalling (2.36) and (2.32), we find that
Employing the relations (2.35) and (2.32) also shows that
Using the quantities defined so far, the Lagrangian (2.26) can be written as
In showing the cancelations of the terms proportional to ψ µ H 2 terms coming from the variation of the metric in the H-kinetic terms, it is useful to note that
where H ± ≡ P ± H, and we have used the identity
where we have used
δ ab , which follows from (2.10), (2.33) and (2.34). We are also using the notation H µ · H ν ≡ H µρσ H ν ρσ , and
Finally, upon using (2.38) and (2.32) one finds that
These terms are then canceled by terms arising from the variation of the Pauli couplings in (2.41).
The Scalars
The 25 scalar field of the theory parametrize the coset SO(5, 5)/(SO(5) × SO (5)) which can conveniently be parametrized in terms of an SO(5, 5) valued 16 × 16 matrix V A αβ , with its inverse defined by
The 10 × 10 scalar matrix V defined in (2.27) can be expressed in terms of the above 16 × 16 matrices V as 4 (see Appendix A for notations and conventions).
These relations follow from the fact that the SO(5, 5) γ-matrices (obeying Clifford algebra with non-diagonal η M N ) are left invariant by SO(5, 5) transformations realized in terms of V and V. Noting that (see Appendix A)
the invariance of the SO(5, 5) γ-matrices translates into the relations
from which (2.46) follows.
The scalar currents are defined as [10]
It follows that
and
Moreover, we have the standard integrability conditions 
It is also useful to introduce the matrix
which will be used in the construction of kinetic term for the vector fields.
The Lagrangian
Using the building blocks describe above, Tanii's Lagrangian [10] , can be written in our notation and conventions (see Appendix A) as follows:
and, up to quartic fermions,
The fermionic bilinears occurring in (2.57) have been determined by Tanii as follows
and O˙a is obtained from O a by interchanging dotted and undotted indices.
The Lagrangian (2.55) is invariant under the following supersymmetry transformations:
H˙a ρσκ γ˙aγ ρσκ γ µ ǫ − + 1 8
H˙a µνρ γ µνρ ǫ + 1 8
where ∆B µν is the gauge covariant variation defined in Appendix B,
and " ∼ " denotes transposition. The chiralities are shown explicitly only when there is an ambiguity. Otherwise, when suppressed, they can easily be deduced from the structure of the terms (see Appendix A for notation and conventions).
3 Gauging G 0 ⊂ SO (5, 5) Using the embedding tensor formalism [1, 2, 3] , we will find the most general gauging of a group G 0 ⊂ SO (5, 5) by employing a suitable combination of the 16 vector fields in the theory.
The Embedding Tensor
The key ingredient in the construction is the covariant derivative
with SO(5, 5) generators t M N = t [M N ] and an embedding tensor Θ A M N . It follows from supersymmetry [2] that the latter can be parametrized in terms of a tensor θ BM transforming in the 144 c representation, i.e. satisfying
as follows:
In this paper, we show that indeed every embedding tensor in the 144 c (which also satisfies the quadratic constraints (3.7) below) defines a consistent gauging, and present the full Lagrangian.
The SO(5, 5) algebra is realized by
in the vector representation and t M N ,A B = (γ M N ) A B on the spinor representation, respectively, satisfying
Therefore, the gauge algebra generators X A = θ A M N t M N take the form
acting on spinors and vectors, respectively. The quadratic constraints on the embedding tensor state that
Some computation shows that this reduces to imposing
on the tensor θ AM . This means that the quadratic constraints transform in the 10 + 126 c + 320 of SO(5, 5) -and thus in the representation conjugate to the 6-forms of the theory (2.3). They ensure, for example, that
The generators X AB C satisfy
where we have introduced the general notation
As we have discussed in the introduction, gauging the theory in general not only corresponds to covariantizing the derivatives according to (3.1) but also induces a nontrivial deformation of the hierarchy of p-form tensor gauge transformations. In particular, pforms start to transform by (Stückelberg)-shift under the gauge transformations of the (p+1)-forms. The corresponding tensors required to intertwine between the representations of p-and (p+1)-forms are generated by the embedding tensor. The lowest intertwining tensors can be obtained by evaluating the general formulas of [3] for our case, yielding 11) for the tensors intertwining between vectors/2-forms and 2-/3-forms, respectively. In particular, the latter tensor encodes the representation content of 3-forms, required for consistency of the deformed tensor gauge algebra. As the 3-forms (with the generic index structure C µνρ N A ) will always appear under projection Y M,A N C µνρ N A , the particular form of (3.11) shows that out of this general set only the 16 projected 3-forms (γ N ) AB C µνρ N A ≡ C µνρ B enter the theory. This is in accordance with the field content discussed in the introduction, in particular with the fact that as a consequence of their on-shell duality, 3-forms should transform in the representation conjugate to the vector fields. With (3.11), the p-form tensor gauge algebra in six dimensions can now be written down by evaluating the general formulas of [3] (see in particular [22] , Appendix A).
General p-form variations are most conveniently expressed in terms of the "covariant variations"
The full non-abelian gauge transformations are then given by
6 Note that B and Ξ have been rescaled by a factor of √ 2, and θ by a minus sign, w.r.t. the formulae provided in [22] . 7 As usual in even dimensions there is a subtlety with the gauge transformation law of the D/2-forms [7, 9] requiring that eventually in the off-shell formulation of gauge transformations, H µνρ M in the last line of (3.13) is replaced by G µνρ M from (3.41), below.
with gauge parameters Λ A , Ξ µM , Φ µν A , and the covariant field strengths
Under arbitrary variations these field strengths transform as
One of the consequences of the gauge covariantizationà la (3.1) is the modification of the scalar currents as 16) and similarly for Q µȧḃ , with the gauge covariant derivative given by
This leads to the following modified integrability equations:
These expressions can be simplified and their group theoretical meaning can be made more transparent by making use of (2.48) and recalling that γ M θ M = 0. As a result, we find
where we have defined the T-tensors,
Thus, T A = (T a , T˙a) is in one-to-one correspondence with the embedding tensor θ M . For later purposes, it is convenient to also define
The quadratic constraints (3.7) translate into
where γ A = (γ a × 1, 1 × γ˙a). Restricting to SO(5) I × SO(5) II directions, several identities result from the latter equation. For example, restriction to the SO(5) I direction, upon the use of (A.5), gives
We recall that " ∼ " denotes transposition. The nontrivial content of this equation is the antisymmetric part in its free SO(5) indices, namely, 26) while the symmetric projection, contains no new information, in view of (A.6). A useful identity needed in establishing the supersymmetry of the Lagrangian is obtained by evaluating the antisymmetric part of γ a TT a . Using the trace of the constraint equation (3.25), and recalling (A.6), we obtain
Next, we observe that the constraint (3.24) enables us to covariantize the identities (3.18)
Further useful relations are furnished by the derivatives of the T -tensors, which take the form
The quantities P and Q can conveniently be written as 32) and similarly for Q µȧḃ . Finally, the modified Bianchi identities are
The Gauged Maximal D=6 Supergravity
The building blocks we have just described can now be used to gauge the maximal D=6 supergravity. Thus, we introduce the magnetic potentials B m µν and the 3-form potentials C µνρA accordingly, and in the ungauged Lagrangian we make the replacements
as well as gauge covariantize the derivatives by the prescription
in the supersymmetry transformation rule, and the Lagrangian with the exception of the topological terms. They are modified by the requirement of all the gauge symmetries described in the previous section. This turns out to be highly constraining nontrivial requirement which remarkably fixes the topological terms entirely, as will be described in detail in the next section. These modifications will introduce new, gauge coupling constant g-dependent supersymmetry variations due to the explicitly g-dependent terms in (3.28), (3.31), (3.32) and (3.34). To cancel them, as usual, we parametrize the most general fermionic mass terms that are linear in the T-tensors, and a potential that is quadratic in the T-tensors, and introduce linear in the T-tensor terms in the supersymmetry variations of the fermions. As for the supersymmetry transformations of the newly introduced higher rank p-forms, that of B m µν is straightforward by simply requiring that together with B µνm they form a 10-plet of SO (5, 5) . Regarding the 3-form potential C µνρA we simply parameterize its supersymmetry transformation rules in a fashion dictated by gauge symmetries and dimensional analysis. Requiring that all the g-dependent variations cancel, we determine all the coefficients used in parameterizing the Lagrangian and supersymmetry transformation rules. The subtle features that arise in these computations are to a large extent parallel to those encountered in the construction of the gauged maximal supergravities in D=4 [8] . We will spell out some more details of the salient features in this computation but first, let us present our results.
We have found that the Lagrangian L = L B + L F , up to quartic fermion terms, is given by
where L top is the topological part of the Lagrangian given in the next section, and
where the fermionic bilinears are as given in (2.58).
The supersymmetry transformations are
H˙a ρσκ γ˙aγ ρσκ γ µ ǫ − + 
γ µν ǫ ,
We emphasize again that the ± chiralities have been shown explicitly only when necessary, and when suppressed they can be deduced from the structure of the terms. We also note that H µνρa and H µνρȧ are defined by
where we have suppressed the tensorial indices. This is analogous to the relation (2.38) in the ungauged model. Similarly, we can define the analog of the field strength (2.25) as
As in (2.39), it follows that
Thus, the supersymmetry transformations, as well as the Pauli couplings involving G, are manifestly duality-covariant. The supersymmetry algebra is expected to close onshell with field dependent composition symmetry parameters, as usual. Normally, the fermionic field equations are needed for the closure, but here, the closure on the threeform potential requires its field equation as well. In the next section, we will show that this field equation takes the simple form θ
We conclude this section by expressing the potential explicitly in terms of the embedding tensor and the coset representatives, and observe that it takes the remarkably simple form
(3.43)
The Topological Term
In establishing the gauge and supersymmetry of the action a highly complicated topological term is needed. The full topological term is given by
where the gauge coupling constant g is suppressed and
The topological Lagrangian L top is completely fixed by requiring gauge invariance of L top + L kin . In fact, the topological term can already completely be determined just starting from its leading term θ A m C µνρ A ∂ σ B κλ m and completing the term by requiring invariance under tensor gauge transformations δ Φ L top = 0 = δ Ξ L top . Subsequently, one can show that its general variation takes the fully covariant form (3.48) below, which is a strong consistency check. Useful identities needed for these computations are provided in Appendix B.
Note that the mass term for the three forms θ A m θ
Bm is automatically antisymmetric due to the quadratic constraint. Moreover, no such term would exist with full SO(5, 5) covariance, i.e. it is essential here that the Lagrangian exhibits only GL (5) covariance. Also the cubic B 3 couplingθ M γ N θ P is automatically symmetric in (MNP ) due to the quadratic constraint (3.7). Finally, note that also the A 6 term could not exist in an SO(5, 5) covariant Lagrangian: there is no SO(5, 5) singlet in the tensor product of Θ 2 A 6 . Again it is essential that SO(5, 5) is broken to GL(5).
In the ungauged theory (θ AM = 0) the topological term (3.44) is simply 
and one sees explicitly that in this case neither 3-forms C µνρ A nor magnetic two-forms B µν m enter this Lagrangian. For the B 3 term we have used here thatθ m γ p θ n = 0 for electric gaugings as a consequence of the quadratic constraint.
We find that the complete variation of the topological term is given by
and thus expressible in a very compact form in terms of the covariant variations ∆ defined above. In the ungauged theory, only the first and the last term of this variation are present, while the second term becomes a total derivative. Note that the variation (3.48) is only GL(5) invariant. This forbids for example in the gauged theory to integrate by parts the second term, as the sum over m is not the full SO(5, 5) covariant one whereas the derivative D σ is covariant with respect to a gauge group that might not be contained in GL (5) . Only together with the variation of the kinetic term
the two non-covariant terms join and the combined variation takes the form
Since there is no kinetic term for the 3-form potential C A , its bosonic field equation is given by gθ
where we have used (3.41). As for the bosonic field equation of the "magnetic" 2-form potentials, it takes the form
where we have used the Bianchi identity (3.34). This equation, as expected, furnishes the duality relation between the three-form potentials and the vector fields.
The variation formula (3.50) is also very useful in finding the gauge coupling constant dependent terms in the action and supersymmetry transformation rules that are needed for establishing supersymmetry. The supersymmetry variations, with undifferentiated supersymmetry parameter, that do not depend on the gauge coupling constant will be covariantizations of those which arise in the ungauged Lagrangian. Therefore, they will cancel as in the ungauged theory, and in a covariantized form. Supersymmetric variations with overall explicit coupling constant dependence, on the other hand, cancel as follows:
(1) The partial integration in the G M · D∆B M term yields gH µνρσ A via the modified Bianchi identity (3.34) . This is canceled by a term arising in the variation of the gravitino in the Pauli coupling term G · O, followed by partial integration, and use of the Bianchi identity (3.34).
(2) The terms involving gH A coming from the H·∆B term in (3.50) and the new variations of the Pauli term JH, are canceled by the terms coming from the old variations in the fermionic mass terms, in gravitino kinetic term and the Noether term P µ I µ , using (3.29) and (3.28).
(3) The terms involving gH M coming from the H M · ∆C term in (3.50), cancel the terms coming from the variation in the Pauli term JH using the modified Bianchi identity (3.33). In fact, this is a convenient way to determine the supersymmetric variation of C A . 
Classification of Gaugings Under GL(5)
So far, we have shown that every tensor θ AM in the 144 c of SO(5, 5) which satisfies the quadratic constraint (3.7) defines a consistent and maximally supersymmetric gauging in six dimensions. It remains to study the possible solutions of (3.7) and to identify the resulting theories. As usual, a systematic way to scan the various possibilities is given by decomposing θ AM under a given subgroup of SO (5, 5) and to separately analyze the different irreducible parts. In six dimensions, a distinguished subgroup is the maximal GL(5) ⊂ SO(5, 5) which allows to identify a possible seven-dimensional origin of the theories -with SL(5) corresponding to the seven-dimensional duality group -as well as a possible origin in eleven dimensions, in which context GL (5) is associated to the five-torus on which the reduction is performed.
Under GL(5), the SO(5, 5) representations break as
where we denote the B m by 5 and the B m by 5 ′ . The adjoint breaks as
The 1 0 +24 0 is the GL(5) subgroup, the 10 +4 generators are realized as shift symmetries on the scalar fields. They correspond to the off-diagonal block z in (2.11) and thus correspond to off-shell symmetries of the Lagrangian. The complete off-shell symmetry group is thus given by GL(5) ⋉ 10 +4 . The 10 ′−4 generators on the other hand are hidden symmetries that correspond to the off-diagonal block y in (2.11) and are realized only on-shell, i.e. do not constitute symmetries of the action. We expect that there is a dual Lagrangian in which the 10 +4 and 10 ′−4 generators have exchanged their roles.
Next, we turn to the classification of gaugings under GL(5). Under GL(5), the embedding tensor 144 c decomposes as
A m ) this amounts to distinguishing between electric and magnetic gaugings: gaugings triggered by θ Am only involve the electric two-forms B m and no threeforms. This can be seen explicitly in the tensor gauge transformations (3.13), the covariant field strengths (3.14) and the topological term (3.47). On the other hand, gaugings triggered by θ A m involve magnetic two-forms B m as well as additional three-form tensor fields. In terms of representations, these components can contain
Comparing this to (3.55), we see, that 24 −5 + 40 ′−1 and 5 +7 + 15 −1 + 45 ′+3 trigger purely electric and purely magnetic gaugings, respectively, whereas 5 ′+3 + 10 −1 correspond to gaugings involving simultaneously electric and magnetic two-forms. Recall the quadratic constraint
The first equation is automatically satisfied for gaugings that are purely electric or purely magnetic. For these we have to impose only the second equation, which is a 320 under SO (5, 5) This shows that e.g. any θ in the 24 −5 (since its square does not show up in (3.58)) defines a consistent (electric) gauging. In fact, this makes sense: these are the Scherk-Schwarz gaugings obtained by reduction from seven dimension, the 24 −5 corresponds to choosing a generator in the seven-dimensional symmetry group SL(5). The 40 ′−1 on the other hand also defines purely electric gaugings, but these θ's need to satisfy an additional quadratic constraint in the 70 ′−2 of (3.58). These are the theories obtained by torus reduction from gaugings in seven dimensions, where indeed (part of) the embedding tensor lives in the 40 ′ and its quadratic constraint in the 70 ′ [22] . Explicitly, for θ given by ϑ mn,k = ϑ Purely magnetic gaugings described by the 5 +7 also satisfy automatically the quadratic constraint (3.58). They may correspond to reductions from eleven dimensions with nontrivial four-form flux. Also for magnetic gaugings described by the 15 −1 , the square of θ does not show up in (3.58), thus these are automatically consistent theories. They come from torus reduction of seven-dimensional CSO(p, q, r) gaugings [12, 22] , whose embedding tensor indeed transforms in the 15. And it makes perfect sense that these give magnetic gaugings: in order to gauge CSO(p, q, r) in seven dimensions, a number of two-forms have been dualized into three-forms, whose reduction to six dimensions gives rise to the magnetic dual two-forms. A more constrained version of magnetic gaugings is parametrized by the 45 ′+3 (explicitly: some traceless ϑ mn r = ϑ
[mn] r ) with a quadratic constraint in the 40 +6 , given by
Note the duality of this constraint to (3.59). As ϑ mn r has the index structure of a torsion, these theories could presumably be obtained by reduction from eleven dimensions on some twisted tori.
The gaugings triggered by 5 ′+3 and 10 −1 (let us parametrize them by ϑ m and ϑ mn = ϑ [mn] , respectively) are neither purely electric nor purely magnetic, i.e. the first equation of (3.57) has to be imposed explicitly. However, it follows immediately that they give rise to only few constraints. While apparently they cannot be switched on together, ϑ m alone defines a consistent gauging, and ϑ [mn] comes with the constraint Of course, there are many more gaugings possible which correspond to simultaneously switching on various GL(5) irreducible components of θ.
The nature of these gaugings can be illustrated by the following table −1 , these are magnetic in the sense that they require introduction of magnetic two-forms and three-form fields, on the other hand they only gauge on-shell symmetries inside of GL(5)! This is rather different from the situation in four dimensions, where every gauging whose gauge group resides within the off-shell symmetry group of the Lagrangian can be realized as a purely electric gauging, i.e. without introduction of magnetic forms [7] . Note however that due to the first quadratic constraint in (3.7) there is always a frame, which may be reached by an O(5, 5) rotation from Tanii's Lagrangian, in which the gauging takes a purely electric form. However, this may not be the frame the most suited in order to identify a particular higher dimensional origin.
Classification of Gaugings Under SO(4, 4) and Truncation to N = (1, 1) Theories
It would be interesting to consider truncations of our results to D = 6 half-maximal gauged supergravity. The duality group of non-chiral D = 6 half-maximal gauged supergravity coupled to 4 + n vector multiplets is given by R + × SO(4, 4 + n). There are three different classes of gaugings [17] . The gauging of the R + scaling symmetry leads to an embedding tensor in the fundamental representation of the duality group. On the other hand, the gauging of a subgroup of the SO(4, 4 + n)-factor leads to an embedding tensor in the three-index antisymmetric representation. On top of this there is also a massive supergravity with an embedding tensor in the fundamental representation. This includes the massive supergravity of [23] . Gaugings of this theory coupled to further matter multiplets have been constructed in [24, 25] . The IIA origin of the n = 16 case via a K3 compactification was studied in [26] . A massive supergravity is a particular deformation of the p-form gauge transformations that does not involve the gauging of a duality group. These massive supergravities are also described by the embedding tensor approach. The T-duality properties of the D = 6 half-maximal massive supergravities have been discussed in [27, 28] .
Let us see, how these structures can be embedded into our results. The duality group of the half-maximal supergravity coupled to 4 vector multiplets embedded in the maximal theory is R + × SO(4, 4) under which the SO(5, 5) representations break according to
In particular, the embedding tensor breaks according to 144 c → 56
c + 56 c cannot be switched on simultaneously, but lead to a quadratic constraint of the form ϑ (αθβ) = 0. This is in line with the occurrence of corresponding 6-form potentials in the same representations [17, 18, 19] .
The 4 vector multiplets in these theories can be consistently truncated to obtain the pure half-maximal theory [23] . It is well known that there exists an SU(2) gauged version of this theory with an additional massive deformation parameter. The SU(2) gauge group is the non-chiral diagonal subgroup of the SU(2) × SU(2) isomorphism group of the N = (1, 1) Poincaré superalgebra. It is interesting to determine if and how this theory can be embedded in the gauged maximal theory. To this end, considering the gaugings induced by the 8 +3 c discussed above, upon a consistent truncation to the pure half-maximal theory, the shift symmetries and the associated vector fields 8 s are projected out and what remains is precisely Romans' massive deformation. In this theory, the only effect of the gauging in the bosonic sector is the Stückelberg type coupling and the scalar potential, the mass parameter m corresponding to a fixed component within ϑ α . Thus, we are able to show how Romans' massive deformation of the pure half-maximal theory can be embedded into the maximal theory where it is a true gauging of shift isometries.
We can show that the SU(2) gauging with mass parameter set to zero follows from a suitable truncation as well. In fact, there exists a variant of Romans' theory [29, 30] emerging in a generalized Kaluza-Klein reduction of D=11 supergravity on K3 × R, with all 4 vectors abelian, which should also be embeddable in gauged maximal supergravities. However, it remains an open question if Romans' theory with non-vanishing gauge coupling constant and mass deformation parameter can be embedded in the maximal theory. In general, the lower supersymmetric 6D supergravities admit more general couplings than those which can be obtained by truncation of the maximal theory since the quadratic constraints encountered in gauging of the maximal theory are far more stringent than what is required in gauging of the lower supersymmetric theories. In fact, a very simple example of this phenomenon arises in seeking a truncation of Romans' theory to an N = (1, 0) supergravity that maintains any gauging at all. One quickly finds that this is not possible, and indeed this is the case for the variant of the Romans' theory as well. On the other hand, a U(1) gauged N = (1, 0) supergravity does exist in its own right, and it is constructed directly in the N = (1, 0) supersymmetric setting [31, 32] .
In conclusion, it would be highly interesting to see, which gaugings of the half-maximal theory, or indeed minimal theory, with or without matter couplings, can be lifted to the maximal gaugings and which of their solutions may be embedded. We leave these and related questions for future work.
A Notations and Conventions
In our conventions: From the position where they are used, it can be seen that the matrix γ a is either (γ a ) α β or (γ a ) αα ββ = (γ a ) α β δβα, depending on what it acts on, and similarly for γ˙a. The indices (a,ȧ) on the γ-matrices are raised and lowered with δ ab and δ˙a˙b. We use the chirally projected SO(5, 1) Dirac matrices, such that γ µ are symmetric and γ µνρ are antisymmetric. Similarly, we use the chirally projected SO(5, 5) Dirac matrices and all (anti) symmetrizations are with unit strength. Note that there is no need to raise and lower the spinor indices in this chiral notation. The USp(4) indices are raised and lowered by the symplectic invariant tensors as: X α = Ω αβ X β , X α = X β Ω βα with Ω αβ Ω βγ = −δ The matrices V A αα and V Aαα (A = 1, ..., 16, α,α = 1, ..., 4) can be treated as sixteen 4 × 4 matrices V A and V A . The index A is a chiral SO(5, 5) spinor index which is never raised and lowered but the α andα indices can be raised and lowered as usual.
Whenever the row and column indices of a matrix are suppressed we will always assume that the indices are in the order (M) ⋆ ⋆ , with the exception of the chirally projected SO(5, 1) Dirac matrices γ µ and again chirally projected SO(5, 5) matrices γ M , in which case they are both up or down. Thus, for example, 
B Useful Identities
Proving invariance of the topological term We derive this identity by first observing that there must be a relation between this number of terms with this symmetry structure in the free indices, as a consequence of representation theory. We then compute the coefficients either by tracing or by using an explicit representation. 
